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An intrinsic time of homogeneous models is global. The Friedmann equation by its sense ties
time intervals. Exact solutions of the Friedmann equation in Standard cosmology and Conformal
cosmology are presented. Theoretical curves interpolated the Hubble diagram on latest supernovae
are expressed in analytical form. The class of functions in which the concordance model is described
is Weierstrass meromorphic functions. The Standard cosmological model and Conformal one fit the
modern Hubble diagram equivalently. However, the physical interpretation of the modern data from
concepts of the Conformal cosmology is simpler, so is preferable.
PACS numbers: 98.80Hw
I. INTRODUCTION
The supernovae type Ia are used as standard can-
dles to test cosmological models. Recent observa-
tions of the supernovae have led cosmologists to con-
clusion of the Universe filled with dust and myste-
rious dark energy in frame of Standard cosmology
[1]. Recent cosmological data on expanding Uni-
verse challenge cosmologists in insight of Einstein’s
gravitation. To explain a reason of the Universe’s
acceleration the significant efforts have been applied
(see, for example, [2, 3]).
The Conformal cosmological model [4] allows us to
describe the supernova data without Lambda term.
The evolution of the lengths in the Standard cos-
mology is replaced by the evolution of the masses
in the Conformal cosmology. It allows to hope for
solving chronic problems accumulated in the Stan-
dard cosmology. Solutions of the Friedmann differ-
ential equation belong to a class of Weierstrass mero-
morphic functions. Thus, it is natural to use them
for comparison predictions of these two approaches.
The paper presents a continuation of the article on
intrinsic time in Geometrodynamics [5].
II. FRIEDMANN EQUATION IN
CLASSICAL COSMOLOGY
A global time exists in homogeneous cosmological
models (see, for example, papers [6, 7]). The confor-
mal metric (γ˜ij) [4] for three-dimensional sphere in
spherical coordinates (χ, θ, ϕ) is defined via the first
quadratic form
a20
[
dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)
]
. (1)
Here a0 is a modern value of the Universe’s scale. For
a pseudosphere in (1) instead of sinχ one should take
sinhχ, and for a flat space one should take χ. The
intrinsic time D is defined with minus as logarithm
of ratio of scales
D = − ln
(
a(t)
a0
)
.
In the Standard cosmological model the Fried-
mann equation is used for fitting SNe Ia data. It
ties the intrinsic intervals time with the coordinate
time one(
dD
dt
)2
≡
(
a˙
a
)2
= H20
[
ΩM
(a0
a
)3
+ΩΛ
]
. (2)
Three cosmological parameters favor for modern as-
tronomical observations
H0 = h · 105m/s/Mpc, h = 0.72± 0.08
– Hubble constant,
ΩΛ = 0.72, ΩM = 0.28
– partial densities. Here ΩM is the baryonic density
parameter, ΩΛ is the density parameter correspond-
ing to Λ-term, constrained with ΩM +ΩΛ = 1.
The solution of the Friedmann equation (2) is pre-
sented in analytical form
a(t) = a0
3
√
ΩM
ΩΛ
[
sinh
(
3
2
√
ΩΛH0t)
)]2/3
. (3)
Here a(t) is a scale of the model, a0 = 1 is its modern
value. The second derivative of the scale factor is
a¨ =
H20a0
2
[
2ΩΛ
(
a
a0
)
− ΩM
(a0
a
)2]
. (4)
In the modern epoch the Universe expands with ac-
celeration, because 2ΩΛ > ΩM; in the past, its ac-
celeration is negative a¨ < 0. This change of sign of
2the acceleration without clear physical reason puz-
zles researchers. From the solution (3), if one puts
a(t)
a0
=
1
1 + z
,
the age – redshift relation is followed
H0t =
2
3
√
ΩΛ
Arcsinh
(√
ΩΛ
ΩM
1
(1 + z)3/2
)
. (5)
The age t0 of the modern Universe is able to be
obtained by taking z = 0 in (5)
t0 =
2
3
√
ΩΛ
1
H0
Arcsinh
√
ΩΛ
ΩM
. (6)
Since for light
ds2 = −c2dt2 + a2(t)dr2 = 0, cdt = −a(t)dr,
we have, denoting x ≡ a/a0,
− a0r = c
∫
dt
x
= c
∫
dx
x
1
dx/dt
. (7)
Rewriting the Friedmann equation (2), one obtains
a quadrature
dx
dt
= H0
√
ΩM/x+ΩΛx2. (8)
Substituting the derivative (8) into (7), we get the
integral
H0r =
c√
ΩΛ
1∫
1/(1+z)
dx√
x4 + 4a3x
, (9)
where we denoted a ratio as
4a3 ≡ ΩM
ΩΛ
.
Then we introduce a new variable y by the following
substitution √
x4 + 4a3x ≡ x2 − 2y. (10)
Raising both sides of this equation in square, we get
a3x = −x2y + y2. (11)
Differentials of both sides of the equality (11) can de
expressed in the form:
dx
x2 − 2y = −
dy
2xy + a3
.
Utilizing the equality (10), one can rewrite it
dx√
x4 + 4a3x
= − dy
2xy + a3
. (12)
Then, we take the expression from the equation (11)
2xy + a3 = ±
√
4y3 + a23,
where a sign plus if
0 ≤ x ≤ 3
√
a3
2
=
1
2
3
√
ΩM
ΩΛ
,
and a sign minus if
3
√
a3
2
=
1
2
3
√
ΩM
ΩΛ
≤ x ≤ 1,
and substitute it into the right hand of the differen-
tial equation (12). The equation takes the following
form
dx√
x4 + 4a3x
= ∓ dy√
4y3 + a23
≡
≡ ∓ dy
2
√
(y − e1)(y − e2)(y − e3)
, (13)
where
y ≡ 1
2
(
x2 −
√
x4 + 4a3x
)
,
with three roots:
e1 ≡ 1
8
(
ΩM
ΩΛ
)2/3
(1 + ı
√
3), e2 ≡ −1
4
(
ΩM
ΩΛ
)2/3
,
e3 ≡ 1
8
(
ΩM
ΩΛ
)2/3
(1− ı
√
3). (14)
The integral (9) for the interval 3
√
a3/2 ≤ x ≤ 1,
corresponding to
0 ≤ z ≤ 2 3
√
ΩΛ
ΩM
≈ 1.74, (15)
gives the coordinate distance - redshift relation in
integral form
H0r =
=
c√
ΩΛ
∞∫
[1−
√
1+4a3(1+z)3]/(2(1+z)2)
dy√
4y3 + a23
−
− c√
ΩΛ
∞∫
(1−
√
1+4a3)/2
dy√
4y3 + a23
. (16)
The interval considered in (15) covers the modern
cosmological observations one [1] up to the right lat-
est achieved redshift limit z ∼ 1.7.
The integrals in (16) are expressed with use of
inverse Weierstrass ℘-function [8]
H0r = − c√
ΩΛ
℘−1
[
1−
√
1 + ΩM/ΩΛ(1 + z)3
2(1 + z)2
]
+
+
c√
ΩΛ
℘−1
[
(1−
√
1 + ΩM/ΩΛ)
2
]
. (17)
3The invariants of the Weierstrass functions are
g2 = 0, g3 = −a23 = −
(
ΩM
4ΩΛ
)2
;
the discriminant is negative
∆ ≡ g32 − 27g23 < 0.
Let us rewrite the relation (17) in implicit form
between the variables with use of ℘-function
℘u =
1−
√
1 + ΩM/ΩΛ(1 + z)3
2(1 + z)2
,
where
u ≡ 1
c
√
ΩΛH0r − ℘−1
(
1−
√
1 + ΩM/ΩΛ
2
)
,
The Weierstrass ℘-function can be expressed
through an elliptic Jacobi cosine function [8]
℘u = e2 +H
1 + cn
(
2
√
Hu
)
1− cn
(
2
√
Hu
) , (18)
where, the roots from (14) are presented in the form
e1 = m+ ın, e2 = −2m, e3 = m− ın,
therefore
m ≡ 1
8
(
ΩM
ΩΛ
)2/3
, n ≡
√
3
8
(
ΩM
ΩΛ
)2/3
,
and H is calculated according to the rule
H ≡
√
9m2 + n2 =
√
3
4
(
ΩM
ΩΛ
)2/3
.
Then, from (18) we obtain an implicit dependence
between the variables, using Jacobi cosine function
cn
[
4
√
3(ΩM/ΩΛ)
1/3u
]
=
f(z)− 1
f(z) + 1
, (19)
where we introduced the function of redshift
f(z) ≡
≡ 2√
3
(
ΩΛ
ΩM
)2/3
1−
√
1 + ΩM/ΩΛ(1 + z)3
(1 + z)2
+
1√
3
.
The modulo of the elliptic function (19) is obtained
by the following rule [8]:
k ≡
√
1
2
− 3e2
H
=
√
1
2
+
√
3.
Claudio Ptolemy classified the stars visible to the
naked eye into six classes according to their bright-
ness. The magnitude scale is a logarithmic scale, so
that a difference of 5 magnitudes corresponds to a
factor of 100 in luminosity. The absolute magnitude
M and the apparent magnitude m of an object are
defined as
M ≡ −5
2
lg
L
L0
,
m ≡ −5
2
lg
l
l0
,
where L0 and l0 are reference luminosities. In as-
tronomy, the radiated power L of a star or a galaxy,
is called its absolute luminosity. The flux density l
is called its apparent luminosity. In Euclidean ge-
ometry these are related as
l =
L
4pid2
,
where d is our distance to the object. Thus one
defines the luminosity distance dL of an object as
dL ≡
√
L
4pil
. (20)
In Friedmann – Robertson – Walker cosmology the
absolute luminosity
L =
NγEem
tem
, (21)
where Nγ is a number of photons emitted, Eem is
their average energy, tem is emission time. The ap-
parent luminosity is expressed as
l =
NγEabs
tabsA
, (22)
where Eabs is their average energy, and
A = 4pia20r
2
is an area of the sphere around a star. The number of
photons is conserved, but their energy is redshifted,
Eabs =
Eem
1 + z
. (23)
The times are connected by the relation
tabs = (1 + z)tem. (24)
Then, with use of (23), (24), the apparent luminosity
(22) can be presented via the absolute luminosity
(21) as
l =
NγEem
tem
1
(1 + z)2
1
4pia20r
2
=
1
(1 + z)2
L
4pia20r
2
.
From here, the formula for luminosity distance (20)
is obtained
dL(z)SC = (1 + z)a0r. (25)
4Substituting the formula for coordinate distance
(17) into (25), we obtain the analytical expression
for the luminosity distance
dL(z)SC =
=
c(1 + z)
H0
√
ΩΛ
(
℘−1
[
(1−
√
1 + ΩM/ΩΛ)
2
]
−
− ℘−1
[
1−
√
1 + ΩM/ΩΛ(1 + z)3
2(1 + z)2
])
.
The modern observational cosmology is based on
the Hubble diagram. The effective magnitude – red-
shift relation
m(z)−M = 5lg[dL(z)SC ] +M, (26)
is used to test cosmological theories (dL in units of
megaparsecs) [1]. Here m(z) is an observed magni-
tude, M is the absolute magnitude, and M = 25 is
a constant.
III. FRIEDMANN EQUATION IN
CONFORMAL COSMOLOGY
The fit of Conformal cosmological model with
Ωrigid = 0.755, ΩM = 0.245 is the same quality ap-
proximation as the fit of the Standard cosmological
model with ΩΛ = 0.72, ΩM = 0.28, constrained with
Ωrigid + ΩΛ = 1 [9]. The parameter Ωrigid corre-
sponds to a rigid state, where the energy density
coincides with the pressure p = ρ [10]. The energy
continuity equation follows from the Einstein equa-
tions
ρ˙ = −3(ρ+ p) a˙
a
.
So, for the equation of state ρ = p, one is obtained
the dependence ρ ∼ a−6. The rigid state of matter
can be formed by a free massless scalar field [9].
Including executing fitting, we write the confor-
mal Friedmann equation [4] with use of significant
conformal partial parameters, discarding all other
insignificant contributions(
dD
dη
)2
≡
(
a′
a
)2
= (27)
=
(H0
c
)2 [
Ωrigid
(a0
a4
)
+ΩM
(a0
a
)]
.
In the right side of (27) there are densities ρ(a) with
corresponding conformal weights; in the left side a
comma denotes a derivative with respect to confor-
mal time. The conformal Friedmann equation ties
intrinsic time interval with conformal time one. If we
have accepted the intrinsic York’s time [11] in Fried-
mann equations (2), (27), we should have lost the
connection between temporal intervals1. After in-
troducing new dimensionless variable x ≡ a/a0, the
conformal Friedmann equation (27) takes a form(
2c√
ΩMH0
)2
x2
(
dx
dη
)2
=
= 4x3 − g3 ≡ 4(x− e1)(x− e2)(x − e3), (28)
where one root of the cubic polynomial in the right
hand side (28) is real, other are complex conjugated
e1 ≡ 3
√
Ωrigid
ΩM
1 + ı
√
3
2
, e2 ≡ − 3
√
Ωrigid
ΩM
,
e3 ≡ 3
√
Ωrigid
ΩM
1− ı√3
2
.
The invariants are the following
g2 = 0, g3 = −4Ωrigid
ΩM
.
where H0 is the conformal Hubble constant. The
conformal Hubble parameter is defined via the Hub-
ble parameter as H ≡ (a/a0)H . The differential
equation (28) describes an effective problem of clas-
sical mechanics – a falling of a particle with mass
8c2/(ΩMH20) and zero total energy in a central field
with repulsive potential
U(x) =
g3
x2
− 4x.
Starting from an initial point x = 0 it reaches a
point x = 1 in a finite time η0. We get an integral
from the differential equation (28)
1∫
1/(1+z)
xdx√
4x3 − g3
= −
√
ΩMH0
2c
η. (29)
Then, we introduce a new variable u by a rule
x ≡ ℘(u). (30)
Weierstrass function ℘(u) [8] satisfies to the differ-
ential equation[
d℘(u)
du
]2
= 4 [℘(u)− e1] [℘(u)− e2] [℘(u)− e3] ,
with
℘(ωα) = eα, ℘
′(ωα) = 0, α = 1, 2, 3.
The discriminant is negative
∆ ≡ g32 − 27g23 < 0.
1 “The time is out of joint”. William Shakespeare. Hamlet.
Act 1. Scene V. Longman, London (1970).
5The Weierstrass ζ-function satisfies to conditions of
quasi-periodicity
ζ(τ + 2ω) = ζ(τ) + 2η, ζ(τ + 2ω′) = ζ(τ) + 2η′,
where
η ≡ ζ(ω), η′ ≡ ζ(ω′).
The conformal age – redshift relationship is ob-
tained in explicit form
η =
2c√
ΩMH0
(
ζ
[
℘−1
(
1
1 + z
)]
− ζ [℘−1(1)]) .
(31)
Rewritten in the integral form the Friedmann equa-
tion is known in cosmology as the Hubble law. The
explicit formula for the age of the Universe can be
obtained
η0 =
2c√
ΩMH0
(
ζ
[
℘−1(0)
]− ζ [℘−1(1)]) . (32)
An interval of coordinate conformal distance is equal
to an interval of conformal time dr = dη, so we can
rewrite (31) as conformal distance – redshift relation.
A relative changing of wavelength of an emitted
photon corresponds to a relative changing of the
scale
z =
λ0 − λ
λ
=
a0 − a
a
,
where λ is a wavelength of an emitted photon, λ0 is
a wavelength of absorbed photon. The Weyl treat-
ment [4] suggests also a possibility to consider
1 + z =
m0a0
[a(η)m0]
, (33)
where m0 is an atom original mass. Masses of ele-
mentary particles, according to Conformal cosmol-
ogy interpretation (33), become running
m(η) = m0a(η).
The photons emitted by atoms of the distant stars
billions of years ago, remember the size of atoms.
The same atoms were determined by their masses
in that long time. Astronomers now compare the
spectrum of radiation with the spectrum of the same
atoms on Earth, but with increased since that time.
The result is a redshift z of Fraunhofer spectral lines.
In conformal coordinates photons behave exactly
as in Minkowski space. The time intervals dt =
−adr used in Standard cosmology and the time
interval used in Conformal cosmology dη = −dr
are different. The conformal luminosity distance
dL(z)CC is related to the standard luminosity one
dL(z)SC as [9]
dL(z)CC = (1 + z)dL(z)SC = (1 + z)
2r(z),
0.0 0.5 1.0 1.5
30
35
40
45
z
m-M
FIG. 1. Curves: the effective magnitude – redshift rela-
tion of the two models.
where r(z) is a coordinate distance. For photons
dr/dη = −1, so we obtain the explicit dependence:
luminosity distance – redshift relationship
dL(z)CC = (34)
=
2c(1 + z)2√
ΩMH0
(
ζ
[
℘−1
(
1
1 + z
)]
− ζ [℘−1(1)]) .
The effective magnitude – redshift relation in Con-
formal cosmology has a form
m(z)−M = 5lg[dL(z)CC ] +M. (35)
IV. COMPARISONS OF APPROACHES
The Conformal cosmological model states that
conformal quantities are observable magnitudes.
The Pearson χ2-criterium was applied in [9] to se-
lect from a statistical point of view the best fitting
of Type Ia supernovae data [1]. The rigid matter
component ρrigid in the Conformal model substitutes
the Λ-term of the Standard model. It corresponds
to a rigid state of matter, when the energy density
is equal to its pressure. The result of the treatment
is: the best-fit of the Conformal model is almost the
same quality approximation as the best-fit of the
Standard model.
Curves of the two models are shown in Fig.1. A
fine difference between predictions of the models (35)
and (26): effective magnitude – redshift relation
∆(m(z)−M) = 5lg[dL(z)CC ]− 5lg[dL(z)SC ]
is depicted in Fig.2. The differences between the
curves are observed in the early and in the past
stages of the Universe’s evolution.
In Standard cosmology the Hubble, deceleration,
60.0 0.5 1.0 1.5
0.00
0.05
0.10
0.15
0.20
0.25
z
D(m-M)
FIG. 2. Difference between curves of the two models:
The effective magnitude – redshift relation.
jerk parameters are defined as [1]
H(t) ≡ +
(
a˙
a
)
= H0
√
ΩM
a3
+ΩΛ,
q(t) ≡ −
(
a¨
a
)(
a˙
a
)−2
=
ΩM/2− ΩΛa3
ΩM +ΩΛa3
,
j(t) ≡ +
( ˙¨a
a
)(
a˙
a
)−3
= 1. (36)
As we have seen, the q-parameter changes its sign
during the Universe’s evolution at an inflection point
a∗ = 3
√
ΩM
2ΩΛ
,
the j-parameter is a constant.
We can define analogous parameters in Conformal
cosmology also
H(η) ≡ +
(
a′
a
)
, (37)
q(η) ≡ −
(
a′′
a
)(
a′
a
)−2
, (38)
j(η) ≡ +
(
a′′′
a
)(
a′
a
)−3
. (39)
Let us calculate the conformal parameters with use
of the conformal Friedmann equation (27). The
Hubble parameter
H(η) = H0
a2
√
Ωrigid +ΩMa3 > 0;
the deceleration parameter
q(η) =
(
Ωrigid − (ΩM/2)a3
Ωrigid +ΩMa3
)
> 0,
so the scale factor grows with deceleration; the jerk
parameter
j(η) =
3Ωrigid
Ωrigid +ΩMa3
> 0
changes from 3 to 3Ωrigid. The dimensionless param-
eter q(η) and j(η) are positive during all evolution.
The Universe has not been undergone a jerk.
V. CONCLUSIONS
Weierstrass and Jacobi functions traditionally
used for a long time in classical mechanics and as-
tronomy, are in demand in theoretical cosmology
also. The conformal age – redshift relation, and the
effective magnitude – redshift relations, that are ba-
sis formulae for observable cosmology, are expressed
explicitly in meromorphic functions. Instead of in-
tegral relations, which are used to in cosmology, the
derived formulae are expressed through higher tran-
scendental functions, easy to use, because they are
built-in analytical software package MATHEMAT-
ICA.
The Hubble Space Telescope cosmological super-
novae Ia team presented data of high redshifts. Clas-
sical cosmological and Conformal cosmological ap-
proaches fit the Hubble diagram with equal accu-
racy. According to concepts of Conformal gravita-
tion, conformal quantities of General Relativity are
interpreted as physical observables. The conformal
cosmological interpretation is preferable because of
explaining the resent data without adding the Λ-
term.
It is appropriate to remind the correct statement
of the Nobel laureate in Physics Steven Weinberg
[12] about interpretation of experimental data on
redshift. “I do not want to give the impression that
everyone agrees with this interpretation of the red
shift. We do not actually observe galaxies rushing
away from us; all we are sure of is that the lines
in their spectra are shifted to the red, i. e. towards
longer wavelengths. There are eminent astronomers
who doubt that the red shifts have anything to do with
Doppler shifts or with expansion of the universe”.
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